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Abstract
We derive new rotating, non-asymptotically flat black ring solutions in five-
dimensional Einstein-Maxwell-dilaton gravity with dilaton coupling constant α =√
8/3 which arises from a six-dimensional Kaluza-Klein theory. As a limiting case
we also find new rotating, non-asymptotically flat five-dimensional black holes.
The solutions are analyzed and the mass, angular momentum and charge are
computed. A Smarr-like relation is found. It is shown that the first law of black
hole thermodynamics is satisfied.
1 Introduction
An interesting development in the black holes studies is the discovery of the black
ring solutions of the five-dimensional Einstein equations by Emparan and Reall [1],
[2]. These are asymptotically flat solutions with an event horizon of topology S2 × S1
rather the much more familiar S3 topology. Moreover, it was shown in [2] that both
the black hole and the the black ring can carry the same conserved charges, the mass
and a single angular momentum, and therefore there is no uniqueness theorem in five
dimensions. Since the Emparan and Reall’s discovery many explicit examples of black
ring solutions were found in various gravity theories [3]-[14]. Elvang was able to apply
Hassan-Sen transformation to the solution [2] to find a charged black ring in the bosonic
sector of the truncated heterotic string theory[3]. A supersymmetric black ring in five-
dimensional minimal supergravity was derived in [4] and then generalized to the case
of concentric rings in [5] and [6]. A static black ring solution of the five dimensional
Einstein-Maxwell gravity was found by Ida and Uchida in [15]. In [16] Emparan derived
”dipole black rings” in Einstein-Maxwell-dilaton (EMd) theory in five dimensions. In
this work Emparan showed that the black rings can exhibit novel feature with respect
to the black holes. The black rings can also carry nonconserved charges which can
∗E-mail: yazad@phys.uni-sofia.bg
1
be varied continuously without altering the conserved charges. This fact leads to
continuous non-uniqness. The thermodynamics of the dipole black rings, within the
quasilocal counterterm method, was discussed by Astefanesei and Radu [17]. Static
and asymptotically flat black rings solutions in five-dimensional EMd gravity with
arbitrary dilaton coupling parameter α were presented in [18]. Non-asymptotically
flat black rings immersed in external electromagnetic fields were found and discussed
in [12] and [18].A systematical derivation of the asymptotically flat static black ring
solutions in five-dimensional EMd gravity with an arbitrary dilaton coupling parameter
was given in [19]. In the same paper, the author systematically derived new type static
black ring solutions which are not asymptotically flat.
The aim of this paper is to generalize the results of [19] and to present exact
rotating non-asymptotically flat black rings solutions in five-dimensional EMd gravity.
Such type EMd solutions, however in the case of black holes (i.e. with spherical horizon
topology), have attracted much interest in recent years [20]-[27].
In general, the D-dimensional EMd gravity is described by the action1
S =
1
16pi
∫
dDx
√−g
(
R− 2gµν∂µϕ∂νϕ− e2αϕF µνFµν
)
. (1)
The field equations derived from the action are
Rµν = 2∂µϕ∂νϕ+ 2e
2αϕ
[
FµρF
ρ
ν −
gµν
2(D − 2)FβρF
βρ
]
, (2)
∇µ∇µϕ = α
2
e2αϕFνρF
νρ, (3)
∇µ
[
e2αϕF µν
]
= 0. (4)
2 Static, non-asymptotically flat black rings
In this section, following [19] we present the derivation of the static non-asymptotically
flat black ring solutions.
The metric of the static spacetime (i.e. admitting the hypersurface orthogonal
Killing vector ξ = ∂
∂t
) can be written in the form
ds2 = −e2Udt2 + e− 2UD−3hijdxidxj (5)
where U and hij are independent of the time coordinate t. The electromagnetic
field is taken in the form
F = e−2Uξ ∧ dΦ (6)
where Φ is the electrostatic potential.
In terms of the potentials U , Φ, ϕ and (D − 1)-dimensional metric hij the field
equations become
1In what follows we consider theories with α 6= 0.
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DiDiU = 2D − 3
D − 2e
−2U+2αϕhijDiΦDjΦ, (7)
DiDiϕ = −αe−2U+2αϕhijDiΦDjΦ, (8)
Di
(
e−2U+2αϕhijDjΦ
)
= 0, (9)
R(h)ij = D − 2
D − 3DiUDjU + 2DiϕDjϕ− 2e
2αϕ−2UDiΦDjΦ, (10)
where Di and R(h)ij are the covariant derivative and the Ricci tensor with respect
to the metric hij . These equations can be derived from the action
S =
∫
d(D−1)x
√
h
[
R(h)− D − 2
D − 3h
ijDiUDjU − 2hijDiϕDjϕ+ 2e2αϕ−2UhijDiΦDjΦ
]
.
(11)
Let us introduce the symmetric matrix
P = e(αD−1)Ue(αD+1)ϕD

 e2U−2αDϕD − (1 + α2D)Φ2D −
√
1 + α2DΦD
−
√
1 + α2DΦD −1

 (12)
where
αD =
√
D − 2
2(D − 3)α, ϕD =
√√√√2(D − 3)
(D − 2) ϕ, ΦD =
√√√√2(D − 3)
(D − 2) Φ. (13)
Then the action can be written in the form
S =
∫
d(D−1)x
√
h
[
R(h) + 1
2(1 + α2D)
(D − 2)
(D − 3)h
ijSp
(
DiPDiP−1
)]
. (14)
The action is invariant under the symmetry transformations
P −→ GPGT (15)
where G ∈ GL(2, R). The matrix P parameterizes the coset GL(2, R)/SO(1, 1).
Similar sigma model was found in [28]. However, here we give the parameterization of
the target space in terms of 2 × 2 matrices rather than 3 × 3 matrices as it is done in
[28].
Let us consider a static asymptotically flat (vacuum) solution of D-dimensional
Einstein equations
ds20 = −e2U0dt2 + e−
2U0
D−3hijdx
idxj (16)
which is encoded into the matrix
P0 = e
(αD−1)U0
(
e2U0 0
0 −1
)
. (17)
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and the metric hij . In order to generate non-asymptotically flat EMd solutions we
shall consider the matrix
N =
(
0 −a−1
a a
)
∈ SL(2, R) ⊂ GL(2, R). (18)
Then we obtain the following EMd solution presented by the matrix
P = NP0N
T (19)
i.e.
eU =
eU0
[a2(1− e2U0)]
1
1+α2
D
,
eϕD =
[
a2(1− e2U0)
] αD
1+α2
D , (20)
ΦD = − a
−2√
1 + α2D
1
1− e2U0 .
As an explicit example of a seed vacuum solution we consider the five-dimensional,
static, asymptotically flat black ring solution given by the metric
ds20 = −
F (y)
F (x)
dt2 (21)
+
R2
(x− y)2
[
F (x)(y2 − 1)dψ2 + F (x)
F (y)
dy2
(y2 − 1) +
dx2
(1− x2) + F (x)(1− x
2)dφ2
]
where2 F (x) = 1 + λx, R > 0 and 0 < λ < 1. The coordinate x is in the range
−1 ≤ x ≤ 1 and the coordinate y is in the range −∞ < y ≤ −1. The solution has a
horizon at y = −1/λ . The topology of the horizon is S2×S1, parameterized by (x, φ)
and ψ, respectively. In order to avoid a conical singularity at y = −1 one must demand
that the period of ψ satisfies ∆ψ = 2pi/
√
1− λ. If one demands regularity at x = −1
the period of φ must be ∆φ = 2pi/
√
1− λ. In this case the solution is asymptotically
flat and the ring is sitting on the rim of disk shaped membrane with a negative deficit
angle. To enforce regularity at x = 1 one must take ∆φ = 2pi/
√
1 + λ and the solution
describes a black ring sitting on the rim of disk shaped hole in an infinitely extended
deficit membrane with positive deficit. More detailed analysis of the black ring solution
can be found in [1].
Applying the transformation (19)to the neutral black ring solution (21) we obtain
the following EMd solution
2We warn the reader that even if we use the same letters as in [19] their meaning is different. Here
we present the black ring solutions in the coordinates of [16].
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ds2 = −
[
a2
(
1− F (y)
F (x)
)] −2
1+α2
5 F (y)
F (x)
dt2
+
R2
[
a2
(
1− F (y)
F (x)
)] 1
1+α2
5
(x− y)2
[
F (x)(y2 − 1)dψ2 + F (x)
F (y)
dy2
y2 − 1 +
dx2
1− x2 + F (x)(1− x
2)dφ2
]
eϕ5 =
[
a2
(
1− F (y)
F (x)
)] α5
1+α2
5
, (22)
Φ5 = − a
−2√
1 + α25
1
1− F (y)
F (x)
.
From the explicit form of the solution it is clear that there is a horizon at y = −1/λ
with topology S2 × S1. Using arguments similar to that in [1] (see also [27]) one can
show that the horizon is regular and the solution can be continuously extended through
the horizon.
The analysis of the near-horizon geometry is quite similar to that for the near-
horizon geometry of the neutral black ring solution. As it is seen the both near-horizon
geometries are conformal with a constant conformal factor. In order for the metric to
be regular at x = −1 the period of φ must be ∆φ = 2pi/√1− λ. The regularity at
x = 1 requires ∆φ = 2pi/
√
1 + λ. Therefore, it is not possible for the metric to be
regular at both x = −1 and x = 1. The regularity at x = −1 means that there is
a conical singularity at x = 1 and vice versa. The xφ part of the metric describes a
two-dimensional surface with S2 topology and with a conical singularity at one of the
poles.
The asymptotic infinity corresponds to x = y = −1. One can show that near
x = y = −1 the solution behaves as
ds2 ≈ −
[
a−2
(1− λ)
2λ
r2
R2
] 2
1+α2
5
dt2 (23)
+
[
a−2
(1− λ)
2λ
r2
R2
] −1
1+α2
5
[
dr2 + r2dθ2 + r2 cos2 θdψ˜2 + r2 sin2 θdφ˜2
]
,
e2αϕ ≈
[
a−2
(1− λ)
2λ
r2
R2
] 2α25
1+α2
5
, (24)
Φ ≈ −
√
3
2
√
1 + α25
[
a−2
(1− λ)
2λ
r2
R2
]
. (25)
where the coordinates r, ψ˜ and φ˜ are defined as follows
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r cos θ = R
√
y2 − 1
x− y , r sin θ = R
√
1− x2
x− y , ψ˜ =
√
1− λψ, φ˜ = √1− λφ. (26)
It is clear that the solution is not asymptotically flat. Moreover, the presented
asymptotic matches the asymptotic of the spherically symmetric Chan-Horne-Mann
solution of the five-dimensional EMd gravity [21]. It is worth noting that the D-
dimensional Chan-Horne-Mann solution can be obtained via the solution generating
transformations (20) applied to the D-dimensional Schwarzschild solution. In five di-
mensions, the black ring solution (21) asymptotes ( r →∞) the Schwarzschild solution
and therefore the transformations (20) generate the same asymptotic as for the Chan-
Horne-Mann solution.
Even though our solution is not asymptotically flat and the dilaton field behaves
like ϕ ∼ ln(r) for large r, the Ricci and the Kretschmann scalars vanish as r → ∞.
More precisely we have (see Appendix A)
R ∼ r−
2α25
1+α2
5 , RµναβR
µναβ ∼ r−
4α25
1+α2
5 . (27)
Therefore the spacetime is well-behaved for r →∞.
The horizon area is
Ah = 8pi2R3 λ
2a
3
(1+α2
5
)
(1− λ)
√
(1 + λ)(1± λ)
. (28)
where the sign ± corresponds to taking the conical singularity at x = ±1.
The black ring mass, charge and temperature are given by
M± =
α25
1 + α25
3piR2
4
λ√
(1− λ)(1± λ)
, (29)
Q± = −
√
3pia2R2√
1 + α25
λ√
(1− λ)(1± λ)
, (30)
T =
√
1− λ2
4piλR a
− 3
(1+α2
5
) . (31)
In order to compute the mass of the solution we have used the so-called quasilocal
formalism. Some details are given in Appendix B.
The electric potential is defined up to an arbitrary additive constant. In the
asymptotically flat case there is a preferred gauge in which Φ(∞) = 0. In the non-
asymptotically flat case the electric potential diverges at spacial infinity and there is no
preferred gauge. The arbitrary constant, however, can be fixed so that the Smarr-type
relation to be satisfied:
M± =
3
8
TAh± + ΦhQ±. (32)
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3 Rotating, non-asymptotically flat black rings
The five-dimensional EMd gravity with the dilaton coupling parameter α2 = 8/3 can
be obtained as a dimensional reduction of the six dimensional vacuum Einstein gravity
S =
∫
d6x
√
−g(6)R(6) (33)
along the spacelike Killing vector ∂/∂x6. The Kaluza-Klein ansatz
ds26 = e
− 2ϕ√
6ds25 + e
2
√
3
2
ϕ
(
dx6 + 2Aµdx
µ
)2
(34)
reduces the action (33) to the five dimensional EMd gravity action (1) with
α =
√
8/3. The fact that the five-dimensional EMd theory with α =
√
8/3 and
the six-dimensional vacuum Einstein gravity are related via a Kaluza-Klein reduction
is important and enables us to generate exact solutions to EMd theory from solutions
of the six dimensional vacuum Einstein equations. Moreover, it is known that the
stationary vacuum Einstein equations in D dimensions (i.e. with D − 3 commuting
Killing vectors) reduce to (D−2)-dimensional self-gravitating SL(D−2, R)/SO(D−2)
sigma-model [29],[30]. Applying the SL(D− 2, R) symmetry transformations one can,
in principle, generate new solutions from known ones. This implies a natural and sim-
ple method for generating exact solutions to the five-dimensional((D − 1)-dimensional
in general) EMd equations with α =
√
8/3 (with α =
√
2(D − 2)/(D − 3) in general).
The method consists in the following steps. Given a (D − 1)-dimensional vacuum
Einstein solution is first trivially embedded in a D-dimensional spacetime and then
is SL(D − 2, R) transformed. After Kaluza-Klein reduction one obtains a (D − 1)-
dimensional EMd solution. The described method was successfully applied to many
specific problems [31]-[34],[25](and references therein). In our situation the picture is
the following. First, the SL(2, R) transformation (19) with matrix N is uplifted to
SL(4, R) transformation with matrix SN . Then we apply the so-obtained SL(4, R)
transformation to the trivially embedded rotating neutral black ring solution. The
new spacetime is Kaluza-Klein reduced and the found EMd solution represents a ro-
tating non-asymptotically flat five-dimensional EMd black ring. The technical details
are presented below.
The metric of six-dimensional spacetime admitting three commuting Killing vectors
ξ =
∂
∂t
, η =
∂
∂ψ
, χ =
∂
∂x6
, (35)
can be written in the form
ds26 = fab(dx
a + wai dx
i)(dxb + wbjdx
j) + f−1Hijdx
idxj (36)
where f = | det(fab)|, i = 1, 2, 3, a = 4, 5, 6 (x4 = t, x5 = ψ). Let us introduce the
twist potentials
Va =
ffab√
H
Hijε
jmn∂nw
b
m (37)
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where H = det(Hij). The Einstein equations can then be written as a three dimen-
sional selfgravitating sigma model
R(H)ij =
1
4
Sp
[
M−1DiMM−1DjM
]
, (38)
Di
[
M−1DiM
]
= 0. (39)
Here Di is the coderivative operator and R(H)ij is the Ricci tensor with respect to
the metric Hij . M is a unimodular symmetric matrix given by
M =
(
fab − f−1VaVb −f−1Va
−f−1Vb −f−1
)
. (40)
The field equations therefore are invariant under SL(4, R) transformations
M −→ SMST . (41)
Note that the three-metric Hij does not change under these transformations.
Let us consider the trivial embedding of the five-dimensional static solution (16)
ds26 = −e2U0dt2 + e−U0hijdxidxj + dx2(6). (42)
The corresponding matrix M is
M0static =


−e2U0 0 0 0
0 1 0 0
0 0 e−U0hψψ 0
0 0 0 −f−10

 . (43)
The Kaluza-Klein embedding of (20) has the representative matrix
Mstatic =


1
a2
−1 0 0
−1 a2(1− e2U0) 0 0
0 0 e−U0hψψ 0
0 0 0 −f−10

 . (44)
It can be checked that
Mstatic = SNM
0
staticS
T
N (45)
where the SL(4, R) matrix SN has the following block-diagonal form
SN =
(
N 0
0 E2×2
)
. (46)
as one should expect.
Further, we consider the rotating neutral black ring solution
8
ds25 = −
F (y)
F (x)
(
dt+ C(ν, λ)R1 + y
F (y)
dψ
)2
+
R2
(x− y)2F (x)
[
−G(y)
F (y)
dψ2 − dy
2
G(y)
+
dx2
G(x)
+
G(x)
F (x)
dφ2
]
(47)
where
F (x) = 1 + λx, G(x) = (1− x2)(1 + νx), (48)
and
C(ν, λ) =
√
λ(λ− ν)1 + λ
1− λ. (49)
The coordinates x and y vary within the ranges
− 1 ≤ x ≤ 1, −∞ < y ≤ −1, (50)
and the parameters λ and ν within
0 < ν ≤ λ < 1. (51)
In order to avoid conical singularities at y = −1 and x = −1 the angular variables
must be identified with periodicity
∆ψ = ∆φ = 2pi
√
1− λ
1− ν . (52)
To avoid a conical singularity at x = 1 the parameters λ and ν must be related as
λ =
2ν
1 + ν2
. (53)
With these choices, the solution has a regular horizon of topology S2 × S1 at y =
−1/ν and ergosurface of the same topology at y = −1/λ. Asymptotic spacial infinity
is at x→ y → −1. The static solution is obtained for λ = ν instead of (53).
Following the method described above we make a trivial embedding of the rotating
neutral black ring solution which we shall write in the form
ds26 = f44 (dt+Wψdψ)
2 + Gµ˜ν˜dxµ˜dxν˜ + dx26 (54)
where the explicit form of the functions f44 and Wψ and the metric Gµ˜ν˜ (µ˜, ν˜ =
1, 2, 3, 5) can be found by comparison with (47).
The representative matrix of the embedded solution is given by
M0rotating =


f44 0 f44Wψ 0
0 1 0 0
f44Wψ 0 fψψ 0
0 0 0 −f−1

 (55)
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where fψψ = Gψψ + f44W 2ψ .
New six-dimensional solution is obtained by applying the transformation (41) with
the matrix SN to M
0
rotating:
Mrotating = SNM
0
rotatingS
T
N =


1
a2
−1 0 0
−1 a2(1 + f44) af44Wψ 0
0 af44Wψ fψψ 0
0 0 0 −f−1

 . (56)
Recovering the six-dimensional metric we find
ds26 =
f44
a2(1 + f44)
(dt+ aWψdψ)
2 + Gµ˜ν˜dxµ˜dxν˜
+a2(1 + f44)
[
dx6 − dt
a2(1 + f44)
+
f44Wψ
a(1 + f44)
dψ
]2
(57)
After performing Kaluza-Klein reduction we obtain a new rotating EMd solution
ds25 =
f44
[a2(1 + f44)]
2/3
(dt + aWψdψ)
2 +
[
a2(1 + f44)
]1/3 Gµ˜ν˜dxµ˜dxν˜ , (58)
Aµdx
µ = − a
−2
2(1 + f44)
dt+
f44Wψ
2a(1 + f44)
dψ, (59)
e2ϕ =
[
a2(1 + f44)
]√2/3
. (60)
In explicit form the solution reads
ds25 = −
[
a2
(
1− F (y)
F (x)
)]−2/3
F (y)
F (x)
(
dt+ aC(ν, λ)R1 + y
F (y)
dψ
)2
+
[
a2
(
1− F (y)
F (x)
)]1/3 R2
(x− y)2F (x)
[
−G(y)
F (y)
dψ2 − dy
2
G(y)
+
dx2
G(x)
+
G(x)
F (x)
dφ2
]
, (61)
Aµdx
µ = − 1
2a2
dt(
1− F (y)
F (x)
) − 1
2a
F (y)
F (x)(
1− F (y)
F (x)
)C(ν, λ)R1 + y
F (y)
dψ, (62)
e2ϕ =
[
a2
(
1− F (y)
F (x)
)]√2/3
. (63)
It is worth noting that this EMd solution can be obtained in a simple way via twisted
Kaluza-Klein reduction just as in the case of the four-dimensional, non-asymptotically
flat black holes [25]. In order to demonstrate this we rewrite the six-dimensional metric
(57) in the form
ds26 = f44
(
dtˆ+Wψdψ
)2
+ Gµ˜ν˜dxµ˜dxν˜ + dxˆ26 (64)
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where
tˆ = ax6, xˆ6 =
t
a
− ax6. (65)
One immediately recognizes that (64) is the six-dimensional trivial embedding of
the rotating black ring solution. Therefore, the rotating non-asymptotically flat EMd
black ring solution can be obtained from the six dimensional trivial embedding of the
rotating black ring solution via a twisted Kaluza-Klein reduction with respect to the
Killing vector
χˆ = a
(
∂
∂t
− ∂
∂x6
)
. (66)
We shall close this section with giving a new five dimensional EMd solution rep-
resenting a rotating non-asymptotically flat black hole. It is well known that the
Myers-Perry black hole with rotation in one plane [35] can be obtained form the rotat-
ing black ring solution as a limiting case [16]. Let us consider the same limit for our
EMd solution. Define new parameters
m =
2R2
1− ν , b
2 = 2R2 λ− ν
(1− ν)2 (67)
such that they remain finite as λ, ν → 1 and R → 0. Also change the coordinates
(y, x)→ (r, θ)
x = −1 + 2
(
1− b
2
m
) R2 sin2 θ
r2 − (m− b2) cos2 θ , (68)
y = −1 − 2
(
1− b
2
m
) R2 cos2 θ
r2 − (m− b2) cos2 θ , (69)
and rescale the angular coordinates
(ψ, φ)→
√
m− b2
2R2 (ψ, φ) (70)
so they now have the canonical periodicity 2pi. Then we obtain the following five-
dimensional rotating, nonasymptotically flat, EMd black hole solution
ds25 = −
(
Σ
ma2
)2/3 (
1− m
Σ
)(
dt− amb cos
2 θ
Σ−m dψ
)2
+
(
ma2
Σ
)1/3 [
Σ
(
dr2
∆
+ dθ2
)
+
∆cos2 θ
1− m
Σ
dψ2 + r2 sin2 θdφ2
]
,
Aµdx
µ = − Σ
2ma2
dt+
b
2a
cos2 θdψ, (71)
e2ϕ =
(
ma2
Σ
)√2/3
,
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where
∆ = r2 −m+ b2, Σ = r2 + b2 sin2 θ.
4 Analysis of the solution
As in the neutral case, in order to avoid singularities at y = −1 and x = −1 the angular
variable ψ and φ must be identified with periodicity given by (52). To avoid a conical
singularity at x = 1 the parameters λ and ν must satisfy the relation (53). Under these
conditions the solution has a regular horizon of topology S2 × S1 at y = −1/ν and
ergosurface with the same topology at y = −1/λ. The regularity of the horizon can be
proven by arguments similar to that in [1] and [2]. The static solution (22) is obtained
for λ = ν.
The horizon area, angular velocity and temperature are found to be
Ah = 8pi2aR3ν3/2
√
λ(1− λ2)
(1− ν)2(1 + ν) , (72)
Ωh = − 1
aR
√
λ− ν
λ(1 + λ)
, (73)
T =
1
4piaR(1 + ν)
√
1− λ
λ(1 + λ)ν
. (74)
The surface y = −1/ν is a Killing horizon of the Killing vector
K = ∂
∂t
+
√
1− λ
1− ν Ωh
∂
∂ψ
=
∂
∂t
+ Ωh
∂
∂ψ˜
(75)
where ψ˜ = 1−ν√
1−λψ (see below). The temperature is
T =
κ
2pi
(76)
and the surface gravity κ associated with the Killing vector K is defined as usual.
The spacial infinity is reached as x → y → −1. The asymptotic behaviour of the
solution is
ds25 ≈ −
[
a−2
1− ν
2λ
r2
R2
]2/3
dt2 (77)
+
[
a−2
1− ν
2λ
r2
R2
]−1/3 [
dr2 + r2dθ2 + r2 cos2 θdψ˜2 + r2 sin2 θdφ˜2
]
,
Aµdx
µ ≈ −1
2
[
a−2
1− ν
2λ
r2
R2
]
dt+
1
2a
C(ν, λ)
λ
√
1− λ
1− ν R cos
2 θdψ˜, (78)
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e2ϕ ≈
[
a−2
1− ν
2λ
r2
R2
]−√2/3
, (79)
where the new coordinates r, θ, ψ˜ and φ˜ are given by
r cos θ =
√
1− λ
1− νR
√
y2 − 1
x− y , (80)
r sin θ =
√
1− λ
1− νR
√
1− x2
x− y , (81)
ψ˜ =
1− ν√
1− λψ, (82)
φ˜ =
1− ν√
1− λφ. (83)
The angular coordinates ψ˜ and φ˜ are with canonical periodicity 2pi. The asymptotic
form of the solution shows obviously that the solutions is not asymptotically flat. This
asymptotic matches the asymptotic of the Chan-Horne-Mann solution [21] for α2 = 8/3
and the asymptotic of the black hole solution (71). The curvature scalars vanish as
r →∞ (see Appendix A)
R ∼ r−4/3, RµναβRµναβ ∼ r−8/3 (84)
and the spacetime is well-behaved there.
In order to calculate the mass and angular momentum of the solution we use the
quasilocal formalism (see Appendix B). After a long algebra we find
M =
piR2
2
λ
1− ν , (85)
Jψ = −apiR
3
2
√
λ(λ− ν)(1 + λ)
(1− ν)2 . (86)
The electric charge is defined by
Q =
1
8pi
∮
∞
e2αϕFµνdΣ
µν (87)
and we find
Q = −pia2R2 λ
1− ν . (88)
The electric potential in the horizon rest frame evaluated at the horizon is
Φh = KµAµ. (89)
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This potential can be chosen by adding an appropriate constant so that the following
Smarr-type relation to be satisfied
M =
3
2
(
T
Ah
4
+ ΩhJψ
)
+ ΦhQ. (90)
Moreover, with the same choice of the potential Φh one can show that the first law
dM = Td
(Ah
4
)
+ ΩhdJψ + ΦhdQ (91)
is satisfied3.
The physical parameters and the thermodynamics relations of the black hole solu-
tion (71) are obtained as a limiting case of those for the black rings.
5 Conclusion
In this paper we derived new rotating, non-asymptotically flat black ring solutions in
a five-dimensional EMd theory which is dimensional reduction of a six-dimensional
Kaluza-Klein theory. As a limiting case, new five-dimensional, non-asymptotically
flat black holes with rotation in one plane were obtained, too. The properties of the
solutions were computed. A Smarr-like relation was found. It was shown that the fitst
law of black hole thermodynamics is satisfied. Here we considered black rings rotating
in ψ-direction. The construction of black rings with rotation in the azimuthal direction
of the S2 is straightforward.
Finally, it would be interesting to find rotating, asymptotically and non-
asymptotically flat black rings for arbitrary dilaton coupling parameter α. This task,
however, requires a systematic study of the stationary EMd equations in five (and
more) dimensions. We will address this problem in a future work.
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A Ricci and Kretschmann scalars
In this Appendix we give the asymptotic behaviour of the Ricci and Kretschmann
scalars for the dilaton black ring spacetimes.
3Note that the parameter a is kept fixed
14
A.1 Ricci and Kretschmann scalars for the static black rings
The Ricci scalar is given by
R =
3
2(1 + α25)
[
α25
1 + α25
F (y)
F (x)
− 1
2
]
[F (y)(1− x2) + F (x)(y2 − 1)]
R2F (x) Z
− 1
1+α2
5 (92)
where
Z = a2
[
1− F (y)
F (x)
]
. (93)
The Ricci scalar is regular on the horizon and everywhere outside the horizon. For
r →∞ we find
R ≃ 3(α
2
5 − 1)
2(1 + α25)
2
(1− λ)
λa2R2
[
a2
2λ
1− λ
R2
r2
] α25
1+α2
5 ∼ r−
2α25
1+α2
5 (94)
when α25 6= 1 and
R ∼ r−3 (95)
when α25 = 1. This asymptotic behaviour can be also obtained directly form the
asymptotic form of the metric (23).
The Kretschmann scalar is difficult to calculate even by computer. However, its
asymptotic behaviour can be found from the asymptotic form of the metric (23). Mak-
ing use of the formulas given in [36] we obtain
RµναβR
µναβ ∼ r−
4α25
1+α2
5 . (96)
A.2 Ricci and Kretschmann scalars for the rotating black
rings
The Ricci scalar is given by the expression
R =
1
3
Z−1/3
R2F 3(x)
[
G(x)F 2(y)−G(y)F 2(x)
]
+
Z−1/3
4R2F 3(x)
[
−G(x)F (y)F (x) + 3GE [F (x)− F (y)]F (x) +GEF 2(y)
+
1
λ
[
ν(1− y2) + (1
λ
− y)(1− ν
λ
)
]
F 3(x)
]
where
GE = G(y)|y=− 1
λ
= (1− 1
λ2
)(1− ν
λ
). (97)
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The Ricci scalar curvature is well-behaved on and outside the horizon. The asymp-
totic behavior of the Ricci scalar for r →∞ is
R ≃ 1
6
(1− ν)
λa2R2
[
a2
2λ
1− ν
R2
r2
]2/3
∼ r−4/3. (98)
Using the asymptotic form of the metric (77) we find
RµναβR
µναβ ∼ r−8/3. (99)
B Quasilocal formalism
Here we briefly discuss the quasilocal formalism in EMd gravity [24]. The spacetime
metric can be decomposed into the form
ds2 = −N2dt2 + χij(dxi +N idt)(dxj +N jdt) (100)
where N is the lapse function and N i is the shift vector.
This decomposition means that the spacetime is foliated by spacelike surfaces Σt
of metric χµν = gµν + uµuν , labeled by a time coordinate t with a unit normal vector
uµ = −Nδµ0 . A timelike vector υµ, satisfying υµ∇µt = 1, is decomposed into the lapse
function and shift vector as υµ = Nuµ +Nµ. The spacetime boundary consists in the
initial surface Σi (t = ti) and the final surface Σf (t = tf ) and a timelike surface B
to which the vector uµ is tangent. The surface B is foliated by (D − 2)-dimensional
surfaces Srt , of metric σµν = χµν − nµnν , which are intersection of Σt and B. The unit
spacelike outward normal to Srt , nµ, is orthogonal to u
µ.
The quasilocal energy and angular momentum are given by
E =
1
8pi
∫
Srt
√
σ
[
N(k − k0) + nµp
µνNν√
χ
]
dD−2x
+
1
4pi
∫
Srt
A0
(
Πˆj − Πˆj0
)
njd
D−2x, (101)
Ji = − 1
8pi
∫
Srt
nµp
µ
i√
χ
√
σdD−2x− 1
4pi
∫
Srt
AiΠˆ
jnjd
D−2x. (102)
Here k = −σµνDνnµ is the trace of the extrinsic curvature of Srt embedded in Σt
and Dν is the coderivative with respect to the metric χµν . The momentum variable p
ij
conjugated to χij is given by
pij =
√
χ
(
χijK −Kij
)
(103)
where
Kij = − 1
2N
(
∂χij
∂t
− 2D(iNj)
)
(104)
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is the extrinsic curvature of Σt and K is its trace. The quantity Πˆ
j is defined by
Πˆj = −
√
σ√
χ
√−ge2αϕF 0j . (105)
The quantities with the subscript ”0” are those associated with the background.
Detail discussion of the quasilocal formalism can be found in [24].
B.1 The mass of the static black rings
The mass of the solution is defined as the limit M = limr→∞E(r). Keeping only the
leading asymptotic monopole and dipole contributions for r →∞ we have
σabdx
adxb ≃ Z
1
1+α2
5 r2dΩ23, (106)
N ≃ Z−
1
1+α2
5
(
1− λ
1− λ
R2
r2
)
, (107)
nr ≃ Z−
1
2(1+α2
5
)
(
1− λ
1− λ
R2
r2
)
, (108)
where
Z ≃ a2 2λ
1− λ
R2
r2
(109)
for r →∞. For the asymptotic extrinsic curvature we obtain
k ≃ − 3α
2
5
1 + α25
Z
− 1
2(1+α2
5
)
r
(
1− λ
1− λ
R2
r2
)
. (110)
The natural background solution is given by (23)-(25) and the corresponding ex-
trinsic curvature is
k0 ≃ − 3α
2
5
1 + α25
Z
− 1
2(1+α2
5
)
r
. (111)
Then we find
M =
1
8pi
3α25
1 + α25
lim
r→∞ r
2
[
λ
1− λ
R2
r2
] ∫ θ=pi/2
θ=0
∫ ψ˜=2pi
ψ˜=0
∫ φ˜=2pi√ 1−λ
1±λ
φ˜=0
cos θ sin θdθdψ˜dφ˜
=
α25
1 + α25
3piR2
4
λ√
(1− λ)(1± λ)
. (112)
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B.2 The mass and the angular momentum of the rotating
black rings
Keeping only the leading asymptotic monopole and dipole contributions for r →∞ we
have
σabdx
adxb ≃ Z 13 r2dΩ23, (113)
N ≃ Z− 13
(
1− λ
1− ν
R2
r2
)
, (114)
nr ≃ Z− 16
(
1− λ
1− ν
R2
r2
)
, (115)
N ψ˜ ≃ −2aC(ν, λ)
√
1− λ
(1− ν)2
Z−1R2
r4
, (116)
where
Z ≃ a2 2λ
1− ν
R2
r2
. (117)
The natural background solution is given by (77)-(79). In this case the integral
1
4pi
∫
Srt
A0
(
Πˆj − Πˆj0
)
njd
3x (118)
is zero. It can be shown that the integral
1
8pi
∫
Srt
√
σ
[
nµp
µνNν√
χ
]
d3x ∼ 1
r2
(119)
and therefore it does not contribute to the mass. Consequently, only the integral
1
8pi
∫
Srt
√
σN(k − k0)d3x (120)
contributes to the mass of the solution. The asymptotic extrinsic curvatures are
k ≃ −2Z
− 1
6
r
(
1− λ
1− ν
R2
r2
)
, (121)
k0 ≃ −2Z
− 1
6
r
. (122)
Substituting into the integral we find
M =
1
4pi
lim
r→∞ r
2
[
λ
1− ν
R2
r2
] ∫ θ=pi/2
θ=0
∫ ψ˜=2pi
ψ˜=0
∫ φ˜=2pi
φ˜=0
cos θ sin θdθdψ˜dφ˜
=
piR2
2
λ
1− ν . (123)
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The angular momentum is
Jψ = − 1
8pi
lim
r→∞
∫
Srt
nµp
µ
ψ˜√
χ
√
σd3x− 1
4pi
lim
r→∞
∫
Srt
Aψ˜Πˆ
jnjd
3x. (124)
The first integral reduces to
− 1
8pi
lim
r→∞
∫
Srt
nµp
µ
ψ˜√
χ
√
σd3x =
1
8pi
lim
r→∞
∫
Srt
nrK
r
ψ˜
√
σd3x. (125)
For r →∞ we obtain
nrK
r
ψ˜
√
σ ≃ −2aC(ν, λ)
√
1− λ
(1− ν)2R
3 cos3 θ sin θ. (126)
Therefore we find
1
8pi
lim
r→∞
∫
Srt
nrK
r
ψ˜
√
σd3x =
− 1
4pi
aC(ν, λ)
√
1− λ
(1− ν)2R
3
∫ θ=pi/2
θ=0
∫ ψ˜=2pi
ψ˜=0
∫ φ˜=2pi
φ˜=0
cos3 θ sin θdθdψ˜dφ˜
= −pia
4
C(ν, λ)
√
1− λ
(1− ν)2R
3. (127)
In order to compute the second integral in Jψ we first find Aψ˜ and Πˆ
rnr for r →∞:
Aψ˜ ≃
1
2a
C(ν, λ)
λ
√
1− λ
1− ν R cos
2 θ, (128)
Πˆrnr ≃ a2 2λ
1− νR
2 cos θ sin θ. (129)
Then we find
− 1
4pi
lim
r→∞
∫
Srt
Aψ˜Πˆ
jnjd
3x
= − 1
4pi
aC(ν, λ)
√
1− λ
(1− ν)2R
3
∫ θ=pi/2
θ=0
∫ ψ˜=2pi
ψ˜=0
∫ φ˜=2pi
φ˜=0
cos3 θ sin θdθdψ˜dφ˜
= −pia
4
C(ν, λ)
√
1− λ
(1− ν)2R
3. (130)
Finally, for the angular momentum we obtain
Jψ = −pia
2
C(ν, λ)
√
1− λ
(1− ν)2R
3 = −apiR
3
2
√
λ(λ− ν)(1 + λ)
(1− ν)2 . (131)
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